For a connected graph G, the total number of independent vertex sets (including the empty vertex set) is denoted by i(G). In this paper, we consider Nordhaus-Gaddum-type inequalities for the number of independent sets of a connected graph with connected complement. First we define a transformation on a graph that increases i(G) and i(G). Next, we obtain the minimum and maximum value of i(G)+i(G), where graph G is a tree T with connected complement and a unicyclic graph G with connected complement, respectively. In each case, we characterize the extremal graphs. Finally, we establish an upper bound on the i(G) in terms of the Wiener polarity index.
Introduction
Let G = (V (G), E(G)) be a simple connected graph of order n with vertex set V (G) and edge set E(G), denote by N G (u) the set of neighbors of a vertex u in G, and denote by G[S] the graph which is induced by vertex set S ⊆ V (G). A double star S p,q is obtained from S p and S q by connecting the center of S p with that of S q . A graph is unicyclic if and only if it is connected and has size equal to its order.
Given a graph G, a k-independent set is a set of k vertices, no two of which are adjacent. Denote by i(G; k) the number of k-independent sets of G, k ≥ 1. It is both consistent and convenient to define i(G; 0) = 1. The family of the independent sets in G which contains the vertex sets U and S is denoted by I U,S (G), and let i U,S (G; k) be its cardinality. The total number of independent vertex sets (including the empty vertex set) of a molecular graph G = (V, E), denoted by i(G), is defined as
In chemical literature, the number of the independent sets of graphs i(G) is referred to as the Merrifield-Simmons index. It is a valuable topological index introduced by the American chemists Richard E. Merrifield and Howard E. Simmons [12] in 1989. It is one of the topological indices whose mathematical characteristics has been extensively studied in a monograph [11, 20] . Its applicability for QSPR and QSAR was also examined to a much lesser extent. In [12] it has been shown that i(G) is correlated with boiling points. And, for the path P n , i(P n ) is equal to the Fibonacci number F n+1 [15] .
The problem of counting the number of independent sets in a graph is NP-complete [16] . However, for certain types of graphs the problem of determining their number of independent subsets is polynomial. For instance, the number of independent sets in tree, uncyclic, and tricyclic graphs are calculated in [15, 14, 21] , respectively. It is of significant interest to study the extremal graphs having maximal or minimal index. Zhu [20] characterized the extremal unicyclic graphs with a perfect matching which have maximal, second maximal Merrifield-Simmons index. In [17] , S. Wagner and I. Gutman wrote a survey of results and techniques on the Hosoya index and Merrifield-Simmons index. Other recent results on the number of independent sets can be found in [2, 4, 3, 9] .
The number of unordered vertices pairs that are at distance 3 in a graph G, denoted by
It is also referred as the Wiener polarity index ( [5, 7, 8] ). Motivated by the result of [7] , Hua et al. gave an upper bound on the Wiener polarity index in terms of the Hosoya index. We can find that, in a graph G, every pair of vertices at distance 3 corresponds to some 2-independent sets. There are also some relationships between the number of independent sets and the Wiener polarity index. The Nordhaus-Gaddum-type results are bounds of the sum or the product of a parameter for a graph and its complement. The name "Nordhaus-Gaddum-type" is given because Nordhaus and Gaddum [13] first found this type of inequality for the chromatic number of a graph and its complement in 1956. Since then, Nordhaus-Gaddum-type inequalities for many other graph invariants have been studied in a number of papers [1, 7, 10, 19] . We respectively research Nordhaus-Gaddum-type results for tree i(T ), unicyclic graph i(G) and connected graph i(G).
In this paper, we consider Nordhaus-Gaddum-type inequalities for the number of independent sets of a connected graph with a connected complement. Firstly, in Section 2 we establish a transformation on graphs that increases i(G) and i(G). Secondly, in Section 3 and 4, we obtain the minimum and maximum value of i(G) + i(G), where graph G is a tree T with connected complement and a unicyclic graph G with connected complement, respectively. In each case, we characterize the extremal graphs. Finally, in Section 5 we establish a lower bound on i(G) in terms of the Wiener polarity index. And, for a connected graph G with connected complement G, we obtain the minimum of i(G) + i(G). Also, we pose a conjecture about which graph obtains the maximum value of i(G) + i(G).
Other notation and terminology not defined here will conform to those in [18] .
Preliminary
Lemma 2.1 ( [6] ). Let G = (V, E) be a graph.
( 
is not an empty graph.
Proof. For convenience, let G = G u,v . By Lemma 2.1(1), for all non-negative integers k,
Obviously,
and
Obviously, if
is not an empty graph,
, we can similarly get:
So,
3 The Nordhaus-Gaddum-type inequality for trees
In this section, we consider a tree T with connected complement T , then we obtain the minimum and maximum value of i(T ) + i(T ) and characterize the extremal graph.
Lemma 3.1 ([15]
). The star S n has the maximal Merrifield-Simmons index for all trees with n vertices. And, the path P n has the minimal Merrifield-Simmons index for all trees with n vertices.
For the proof, we give an equality involving i(T ) + i(T ) as follows.
Lemma 3.2. Let T be a tree of order n with connected complement T . Then
Proof. For connected complement T and all non-negative integers k ≥ 3, it is easy to verify i(T ; k) = 0 and i(T ; 2) = |E(T )| = n − 1. Therefore
Now we give the Nordhaus-Gaddum-type inequality of a tree for i(T ).
Theorem 3.3. Let T be a tree of order n with connected complement T , then
with equality if and only if T ∼ = P n , where F n+1 is the Fibonacci number.
Proof. By Lemma 3.1 and Lemma 3.2 graph which reaches the minimum value of i(T ) + i(T ). And, i(P n ) is equal to the Fibonacci number F n+1 , then i(T )+i(T ) ≥ 2n+F n+1 .
Theorem 3.4. Let T be a tree of order n with connected complement T , then
with equality if and only if T ∼ = S 2,n−2 .
Proof. If T and T are connected graphs, then the star S n is not the extremal graph which reaches the maximum value of i(T ) + i(T ). So we assume D(T ) ≥ 3.
be a diametrical path of tree T . By Theorem 2.2, we have
Obviously, graph T D(T )−1,D(T )−2 is a tree of order n. Therefore, for the tree of order n with connected complement, by shortening the diametrical path of a tree, we can get the extremal graph the double star S p,q which reaches the maximal value of i(T ) + i(T ). For the double star S p,q of order n, we have
with equality if and only if p = n−2 or q = n−2.
The Nordhaus-Gaddum-type inequality for unicyclic graphs
In this section, we consider a unicyclic graph G of order n with connected complement G, then we obtain the minimum and maximum value of i(G) + i(G) and characterize the extremal graph. Obviously, if n < 5, any complement G is not connected. We need to consider the case when n ≥ 5.
Lemma 4.1 ([14]
). If G is a unicyclic graph of order n, then
(1) i(G) ≥ F n−1 +F n+1 and equality occurs if and only if 3 , where L n,3 is the unicyclic graph of order n obtained from the two vertex disjoint graphs C 3 and P n−3 by adding an edge joining a vertex of C 3 to an endvertex of P n−3 .
(2) i(G) ≤ 3 × 2 n−3 + 1 and equality holds if and only if G is a 4-cycle or G ∼ = H n,3 , where H n,3 is the unicyclic graph of order n constructed by attaching n − 3 leaves to one vertex on a cycle of length 3.
For the proof, we give an equality about i(G) + i(G) as follows.
Lemma 4.2. Let G be a unicyclic graph of order n ≥ 5 with connected complement G,
Proof. For connected complement G and all non-negative integers k ≥ 4, it is easy to verify i(G; k) = 0 and i(G; 2) = |E(G)| = n. Therefore
Now we give the Nordhaus-Gaddum-type inequality of a unicyclic graph for i(G).
Theorem 4.3. Let G be a unicyclic graph of order n ≥ 5 with connected complement G,
with equality if and only if G ∼ = C n , where F n+1 is the Fibonacci number.
Proof. Obviously, i(L n,3 ; 3) = 1 > i(C n ; 3) = 0, and the complement of graph C n is a connected graph. Then by Lemma 4.1(1) and Lemma 4.2, we have i(L n,3 ) = i(C n ) and
In order to formulate our results, some graphs need to be defined. Let O x1,x2,x3 denote a unicyclic graph on n vertices created from a cycle C 3 = v 1 v 2 v 3 by attaching x i (i = 1, 2, 3) pendent vertices to v i such that x 1 + x 2 + x 3 + 3 = n and x 1 ≥ x 2 ≥ x 3 , x 2 ≥ 1.
Let U y1,y2 denote a unicyclic graph on n vertices created from a cycle C 3 = v 1 v 2 v 3 by attaching y 1 pendent vertices u 1 , u 2 , . . . , u y1 to v 1 and attaching y 2 pendent vertices to u 1 such that y 1 + y 2 + 3 = n and y 1 ≥ 1, y 2 ≥ 2. Proof. If the cycle in G is of length greater than three, then by applying the transformation in Theorem 2.2 to the cycle, there is a unicyclic graph L 1 with a triangle such that i(
Let H denote the set of all unicyclic graphs H with a triangle. Then for all H ∈ H by Lemma 4.2 we have i(H) + i(H) = 1 + 2n + i(H; 3) + i(H) = 2 + 2n + i(H). The maximum value of i(H)+i(H) is equal to the maximum value of i(H). By Lemma 4.1(2), we know that the graph H n,3 is the extremal graph which obtains the maximum value i(H), but the graph H n,3 is not connected. So we calculate the second maximum value of i(H).
Case 1: There is a vertex in H with distance at least two to the 3-cycle.
By the transformation in Theorem 2.2, we get there is a graph L 2 with i(
with equality if and only if x 3 = 0 and x 2 = 1. Obviously, the graph O n−4,1,0 is connected. 
The Nordhaus-Gaddum-type inequality for connected graphs
In this section, we obtain a lower bound on i(G) in terms of the Wiener polarity index. And, for a connected graph G with connected complement G, we obtain a minimum value of i(G) + i(G) and characterize the extremal graph. Also, we pose a conjecture about which graph gets the maximum value of i(G) + i(G).
Lemma 5.1 ( [7] ). Let G be a connected graph with connected complement G, then
Moreover, equality holds if and only if
The graph G * * of order n ≥ 5 is obtained from a path P 4 by joining each vertex of H n−4 to each internal vertex of the path P 4 such that V (G * * )\V (P 4 ) = V (H n−4 ), where H n−4 is any graph of order n − 4.
In order to get the lower bound on the i(G) + i(G), we give a lower bound on the i(G) in terms of the Wiener polarity index.
Lemma 5.2. Let G be a connected graph of order n and D(G) ≥ 2. Then
with equality if and only if G ∼ = G n or G ∼ = B 2,n−2 , where G n = K n − e, e ∈ E(K n ), B 2,n−2 is a graph on n ≥ 3 vertices obtained from P 2 and K n−2 by coinciding any vertex of P 2 with that of K n−2 .
Proof. If D(G) = 2, then W p (G) = 0. Let P = uxy be a diametrical path, then {u, y} is a 2-independent set of G. Therefore
follows readily. Suppose that equality is attained. Then G has only one 2-independent set and no k-independent set, where k ≥ 3. Also, D(G) = 2. Then, we have G ∼ = G n . Conversely, if G ∼ = G n , then the equality is attained.
For the case D(G) ≥ 3: Suppose that u and v are a pair of vertices in G such that d G (u, v) = 3. Let uxyv be a path of length 3 connecting u and v in G. Then {u, y}, {u, v} and {x, v} are 2-independent sets of G. Therefore, every pair of vertices at distance 3 corresponds to three 2-independent sets in G. Moreover, for any two paths connecting distinct pair vertices at distance 3, they correspond to two different 2-independent sets and one same 2-independent set, otherwise they correspond to three different 2-independent sets. From this it follows that
Therefore, by the definition of Merrifield-Simmons index, i(G) ≥ i(G; 0) + i(G; 1) + i(G; 2) ≥ 1 + n + 2W p (G) + 1 = 2 + n + W p (G), (2) follows readily. Now, we check the equality condition. If i(G; 2) = 2W p (G) + 1, by analysis, then any two paths of distinct pair vertices at distance 3 correspond to two different 2-independent sets and one same 2-independent set. If i(G;
Conversely, if G ∼ = B 2,n−2 , then we clearly have i(G; 2) = 2W p (G) + 1 and i(G; 3) = 0. So, the equality is attained if and only if G ∼ = B 2,n−2 . For a connected graph G with connected complement G, it is difficult to get the value of max{i(G) + i(G)}. For n ≤ 5, by enumeration and calculation, we can find max{i(G) + i(G)} = max{i(T ) + i(T )} = i(S 2,n−2 ) + i(S 2,n−2 ). If we do not consider the connectivity of the graph, we can get:
Theorem 5.5. Let G be a simple graph of order n. If we do not consider the connectivity of the graph, then i(G) + i(G) ≤ 1 + n + 2 n with equality if and only if G ∼ = K n or G ∼ = K n .
Proof. Let k, m ∈ N. Without loss of generality, we assume that α(G) > α(G). Every pair of vertices are not a 2-independent set of G, which compose of a 2-independent set of G. Moreover, for any two vertices which do not compose of a 2-independent set of G, they compose of a 2-independent set of G. Then, we have i(G; 2) + i(G; 2) = C 2 n . Suppose i(G; 3) = k. Since every three vertices which are a 3-independent set of G are not a 3-independent set of G, we have i(G; 3) ≤ C Obviously, for connected graph G with a connected complement, 1+n+2 n is an upper bound on the maximum value of i(G)+i(G). And, the lower bound on the maximum value of i(G) + i(G) is i(S 2,n−2 ) + i(S 2,n−2 ). The difference between the upper bound and the lower bound is 5 · 2 n−3 − n − 1.
